We describe both the internal structure and the width of the periodic windows in onedimensional maps, by considering a universal local submap. Both features are found to depend only on the order of the extremum of this submap. Moreover, we discuss how the windows are grouped in accumulating families, and we calculate the scaling of the widths within these families.
Introduction
Windows in chaos are often encountered, both in theory and experiments [ l-3 1. It has been claimed [ 4, 5] that the internal structure of windows is always such that the ratio y between the total window width and the distance from the opening of the window to the first period-doubling bifurcation is equal to 9/4. However, in experiments values of y are observed which significantly differ from 9/4 [ 6-81. This discrepancy can be explained by noting that Yorke et al. have restricted themselves to mappings with a quadratic (z= 2) maximum. The same restriction is present in previous investigations on the scaling of window widths [ 9,10 1. In a general situation we must allow also for other values of z, as exemplified by the map f(X)=l-ulxl', z>l.
(1)
In fig. 1 we have shown a part of the bifurcation tree of this map for z = 5. The ratio y is here equal to 1.29.
In section 2 we argue that every window can be described by a universal local submap of order z, and we use this to calculate the ratio y as a function of z.
In section 3 we obtain an expression for the width of an arbitrary window of period n. ilies we derive an exact scaling relation, which tells us how the widths decrease with growing n.
The normalized submap
In order to understand the features of a period-n window we consider the n times iterated mapping f"(x).
For example, for the 3-window we consider f3(x), as plotted in fig. 2 , for z=3. Every extremum off '(x) is again of order z, so for instance the central extremum can be locally described by xPl(,+I)=~Ix,iI=+P.
we obtain the normalized submap
24 ,+, = )U,I=-Prz.
This submap describes fully the behaviour of an orbit within the period-n window. Note that m is linearly related with the parameter a of the original map ( 1 ), which means that any ratio in terms of a corresponds to the same ratio in terms of m, assuming of course that the window is small enough to make a local description applicable. We shall give the explicit form of this linear relation in the next section.
In fig. 3 we have drawn the normalized submap for z=4 at several values of m, which will be used in this paper.
The window is opened at m = m,, where the submap is tangent to the line Ui+ , = ui. Its value is easily calculated to be
Superstability is attained at 6i = 0. The next special value of m corresponds to the first period-doubling bifurcation:
when the submap intersects the line u;+ , = uj with slope -1. Finally the closing of the window takes place when the orbit can escape from the region (box) of the local submap. This occurs at
From the above results we immediately obtain for the ratio y:
For z= 2 this yields indeed y= 9/4, but for other val- ues of z the value of y varies from 1 to +ce. For instance for z= 1.2, reported from an experiment on chemical turbulence [ 111, we get y= 39.9, and for ~~1.1 we have ~~1328. In fig. 4 we have plotted y as a function of 2.
To test the validity of (9) for finite windows, we have presented the results of a direct numerical calculation of (a,-a,) / (a,, -a,) for the mapping ( 1) for z = 3 in table 1. These results should be compared to the analytical estimate y= 1.558078..., which follows from (9). It turns out that already for the n = 5 windows the agreement is within 0.5 percent. 
The width of a period-n window
In order to obtain a simple estimate of the width of a period-n window we go back from the normalized submap to the local description of the mapf " (x) given by (2 ). All we need is to find the coefficients I and p in terms of a. This then yields the width a,-a, of a period-n window:
a,
a", being the value of a where we have a superstable n-cycle, with cycle elements Zoo, Z,, etc. In the second step we have used the substitution (4).
To determine 1 and dp/da we consider f "(x) in the neighbourhood of a= d,. Expanding f"(x) around Z. (which equals 0 for the map ( 1) ), we get n-1
A=-aL=-a ,IsI, f '(Zi). (11)
Here the quantity L"("-') corresponds to the socalled reduced Lyapunov exponent introduced in ref.
141.
To find an expression for dp/da we observe that ,D is the vertical distance of the central extremum of the map f "(x) to the line x=y, which must locally be equated to the small quantity f "(To ) -&,.
Expanding around a = a,, we have Table I Numerical values of (a, -a,) / ( ad -a,) and of the width (a,-~,) in comparison with the theoretical estimate according to ( lo) , ( 1 1 ), ( 13), for several windows of the mapf(x) = 1 -ujx13, labeled by the period n and the value of a where superstability is attained. The values of (a,-a,)/(~,,-a,)
should be compared to y(3) = 1.558078..., obtained from (9). 
and after some algebra (see ref.
[ 121) we obtain dp df"(To -Too) da a=dn= da o=dn which can be used in combination with ( 10) and ( 11) to estimate the window width.
In table 1 we compare the estimate widths, using ( 11) and ( 13 ), of some important windows for z= 3 with the results of a direct numerical calculation of ~,-a,. It turns out that already for the n = 6 windows there is agreement within 1 percent.
Scaling within families of windows
At several points a = a* in the bifurcation tree we observe that windows accumulate, with increasing period. Since a period-n window is organized around the superstable period-n cycle that lies within its borders, we can just as well speak of an accumulation of superstable cycles. The simplest accumulation point of this kind lies at a=2, where the RLnm2 family of superstable cycles accumulates [ 9,13 1. Each member of this family has one element (2, = 1) at the right-hand side of go and the next n-2 elements all lie at the left-hand side of Zo. The occurrence of this family can be understood by looking at fig. 5 , where we have depicted two successive members. In this figure we see that the extra periodic points are systematically added near the unstable fixed point x*, in going from the superstable orbit in the n-window to the superstable orbit in the (n + 1 )-window.
Consequently we have from ( 11)
where A,+,4 in the limit of large n. Similarly, from eq. ( 13 ) it can be shown that (15) Another family of accumulating windows is located near a = a, (z), where a, is the parameter value where the two-band chaotic attractor becomes a oneband attractor.
The members of this family are RLRnP3 [10,13].Thatis,thelirstelement (Z,=l) is at the right-hand side of Zoo, the second one (& = 1 -a) at the left, and all the other n-3 elements lie again at the right-hand side of Zo. The successive members of this family are situated alternatingly above and below a=~,, i.e. the odd members accumulate at a, from above and the even members accumulate from below.
For this family the extra periodic points for increasing n are systematically added near the positive Table 2 Numerically obtained width ratio factors for the window families RL*-* and RLR"-3 of the mapf(x) = l-0 (xl', for various values of z, as compared to the exact (limiting) scaling factors given by ( 16) and ( 17 fixed point X. The same argument as above yields the scaling relation lim width(n-I) = If'(X)]""-". n-m width(n)
For our map f(x)= 1-alxl' at a=al we have X=a,-1 and hencef'(X)=z(2-a,)/(a,-I), see also ref.
[ 14 1. Similar scaling expressions can be derived for other accumulating window families.
